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Absorption and Lock-In in Tracker-Guided
Streaming Subspace Background Models

Omer Kahyaoglu

Abstract—Streaming low-rank background models must for-
get, and forgetting absorbs targets that stop. We show that
absorption in a forgetting subspace model has two mechanisms: a
per-pixel recursive least-squares ramp whose rate is the leverage
of the current frame, independent of target size, and a size-
dependent rank-crossing cascade whose threshold includes the
noise energy of the uncounted subspace. The resulting law pre-
dicts absorption from the background alone with a median error
of 2 frames over 2,880 synthetic runs, where the accumulated-
leak rule fails in 1,200 of them. Feeding tracker beliefs back
as masks prevents absorption but closes a loop that can lock in
model errors: an expiry clock that the error itself can reset makes
persistence exponential in the protection horizon, the optimal
horizon is a quantile of the stop-duration law, and a budgeted
semantic verifier makes the horizon non-binding. On CDnet 2014,
under a protocol fixed in advance, the verified loop raises the F-
measure on intermittent object motion from 0.445 without verifier
to 0.614, ahead of four online subspace methods.

Index Terms—Background subtraction, robust subspace track-
ing, recursive least squares, tracking feedback, closed-loop esti-
mation.

I. INTRODUCTION

NLINE low-rank background models—GRASTA [1],

ReProCS and NORST [2], [3], OR-PCA [4], incremental
PCP [5], pROST [6]—separate a slowly varying background
from sparse targets at a fixed cost per frame. They must forget
in order to follow illumination and scene change, and the
same forgetting turns any target that stops into background
(absorption); when it leaves, it leaves a ghost. Provable robust
subspace trackers tolerate an outlier at a pixel only for a
small fraction of every analysis window [3], so long stops
lie outside their guarantees. For per-pixel mixture models the
absorption time is a rule of thumb [7], and tracking feedback
into background maintenance, with the deadlock of selective
update, has been studied [8]-[10]. For subspace models we
found neither an absorption analysis nor an analysis of the
feedback loop (Fig. 1).

We contribute (i) an absorption law with two mechanisms,
verified on the implemented estimator (Section II); (ii) a
closed-loop analysis of masked fits, lock-in, the protection
horizon and verification (Section III); (iii) an evaluation on
CDnet 2014 [11] under a protocol fixed in advance, with four
online baselines (Section IV).
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ment are available in the accompanying repository.
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Fig. 1. The tracker-guided background model. The protection mask M
(orange) closes a loop: it decides which pixels the subspace may learn, and
the tracker that produces it sees only what the model fails to explain.

II. ABSORPTION IN A FORGETTING SUBSPACE MODEL

Frames x; € R? are cleaned into columns ¢; (outliers soft-
thresholded, imputed by the fit, or released after 7} frames).
The model keeps the leading £ left singular vectors U and
singular values s; of Xy = [ct, v/ feio1, fei—a,...], with
forgetting factor f and memory n.g = 1/(1— f); components
with s2 > 7 = (m&(vV/d + \/ng))? are counted (r of them),
and a frame with scores v is fitted by U,.v.

Lemma 1 (Per-pixel regression): Let z; = U Tct_j. For
every pixel p, the row U, . is the exponentially weighted
least-squares regression of the cleaned values c¢;_; ;, on the
scores z;:

U, = (ijct,jvp z}) (ijzjzj)_l. (1)

320 Jj=0

Proof: For the rank-k truncation X; = USV ' + E with
UTE=0and EV =0, A:=U"X, = SV has columns
Vfiz, and X,.V = U,.S gives U,. = X, . AT (AAT)71,
since AAT = S2; writing the products as sums over j gives
(1). ]

Lemma 2 (Leverage recursion): If the scores do not depend
on the pixels of a small support €2, the loading wy, ; = U, .
of p € Q) follows weighted recursive least squares, R; =
fRi—1 +th;r, Wyt = Wp¢—1 +R;1zt tt,p With innovation
ltp = Ctp — W), 1%, and the fit of frame ¢ moves by
httt p, where

2
v

he=— =Y 2% @)
f‘i’ﬂt k:<r$k

and Eh; =~ r(1 — f) for stationary scores.
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Fig. 2. The two mechanisms on the implemented estimator (synthetic,

f =0.97, contrast 100, soft cleaning, one run). Top: residual contrast of the
stopped target and the ramp of Lemma 2 predicted from the clean background;
bottom: counted rank. The small target (|Q2] = 16) is absorbed by the ramp
(below Kget at frame 35; predicted 47); the large one (|©2| = 1024) when a
component carrying it is counted, at the predicted crossing (frame 5).

Proof: With fixed regressors, (1) solves a weighted least-
squares problem with information matrix R;; Sherman—
Morrison gives the recursion and z," (w, ¢ —wp t—1) = hits p.
In the model’s basis R;_1 = S?, s0 2, (fS? + 22, ) "Lz =
nt/(f + n¢); for stationary scores R; ~ E[zz"]/(1 — f). m

The row-wise form is that of PAST and PETRELS [12],
[13]; its consequence for absorption is new. The model can
read the leverage at every frame, and the cleaning operator
decides the innovation that drives the update.

Proposition 1 (Absorption law): A target of contrast c
(noise units) stops on €2; let d; be its share in the fit.
(a) Leverage ramp: by Lemma 2,

[ Ory1 = Op + hyty, ] 3)

with ¢4 = k while ¢ — §; > « for soft thresholding at
KGO, 1y = ¢ — d; for raw learning and ¢y = 0 for imputed
or masked pixels; the target is absorbed when ¢ — §; <
Kdet» independently of |€2|. (b) Rank crossing: a component
carrying the target is counted once Y, f~17F|Q|2 +d >
7/62, where d is the noise energy of the uncounted slot
that the leak joins. The absorption time is the earlier of the
two.

Part (a) follows from Lemma 2; part (b) is an approximation
whose noise term was calibrated on the estimator. Two corol-
laries contradict the accumulated-leak rule (crossing without
the noise term): soft-threshold trackers absorb every stopped
target in a time linear in contrast, and retention is a design
parameter only for operators with zero innovation (Fig. 2).

Verification. On 4,320 synthetic episodes of the imple-
mented estimator (truncated incremental SVD [14]; 10 seeds,
f€{0.90,...,0.99}, || from 4 to 1024 cells, soft cleaning
and imputation with release), we predicted each absorption
time from the clean background alone (Fig. 3). On the 2,880
runs with contrast at least 100 the median error is 2 frames
(68 % within 3) and the median relative error 0.130 (95 % CI
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Fig. 3. Predicted vs. measured absorption time of the implemented estimator
(2,880 synthetic runs, contrast >1007; frames after learning starts, plus one).
Left: Proposition 1. Right: accumulated-leak rule; crosses mark runs it declares
never absorbed.

[0.114, 0.143]); the crossing time has median error 0 frames.
The accumulated-leak rule predicts no absorption in 1,200
absorbed runs. An exact sliding-window SVD absorbs like the
truncated one (mean difference 0.2 frames, 108 pairs).

III. TRACKER IN THE LOOP

Masks. A tracker supplies a mask M of pixels not to be
learned, and the coefficients are fitted on M¢€. Let x = Ua +
¢ + n with orthonormal U, noise of variance 0% and a target
@ on Q.

Proposition 2 (Masked coefficients): With G = I —UAT4 Uy,
eigenvalues p; of U, Uy, leakage ¢ = po\m and a =
GilUA—ZCIL’Mu,
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Imputed (masked) pixels have zero innovation: they are
never absorbed, and their loadings freeze.

Proof: UTU = I gives @ —a = G~ U} .(nye + @); the
noise term has covariance o2G U . Up-G~! = 02G~1
and the cross term zero mean. Substituting ¢ ), = w; —1%t
in Lemma 2 makes the update vanish. [ ]

Monte Carlo confirms (4), and the deterministic bound
lla—al < (|Uenare|| + U @ll) /(1 — max; p;) held in all
24,000 trials; leakage costs far more than masking, so masks
should err large.

Lock-in. Protecting a model error (a ghost, a light change)
keeps it alive. Protection of an unverified region ends when an
expiry statistic reaches the horizon T},; release then takes T}
frames and learning D.,,,. On CDnet parking, a clock driven
by the tracker’s speed estimate kept a track on ground-truth
background (0.29 to 0.67 of its box static) protected for at
least 66 s against a horizon of 15s: centroid jitter restarted the
clock.



IEEE SIGNAL PROCESSING LETTERS (MANUSCRIPT)

10*

resettable clocks

0y e
10°

10!

expected protection (s)

10°

0 10 20 30 40
protection horizon T}, (s)

Fig. 4. Expected protection of a model error vs. horizon: resettable clocks
(blue, Proposition 3(ii), Poisson restart rate A\) grow exponentially, the non-
resettable one (orange) linearly; dots: simulation at 30 frames per second.

Proposition 3 (Persistence): For a protected error that never
travels: (i) if the expiry statistic grows at unit rate (non-
resettable), persistence is at most T}, + Tre + Dyayw; (i) if
it restarts at the events of a Poisson process of rate A (e.g.
centroid jitter read as motion), the expected protection time
is

e)\Tp -1

m(T:D) = b\ )

&)

(iii) with a verifier that confirms an error with probability
B per look before each expiry, the expected persistence is
at most T;,/(1 — 3) + Tyel + Draw-

Proof: (ii) Let m be the expected time to the first gap of
length T},. Conditioning on the first event X ~ Exp(\), m =
T,e e + E[(X +m)1{X < T,}], whence (5). (iii) The
number of protection periods is geometric with parameter
1 — B. (i) is immediate. [ |

Proposition 4 (Horizon): With n, stops of duration D ~
Fp and n, ghosts per unit time, and costs ¢, per unit time
a stopped object is unprotected and c. per unit time a ghost
is protected, J(T') = canoEB(D — T)4 + ceneT is convex
and minimised at

Cent
T =Fp'(1 - === 6
D ( Q)7 q Callo ( )
Proof: J'(T) = —cqnoP(D > T) + ¢ene and J"'(T) =
canofp(T) > 0. |

In simulation, (ii) gives 94.3 s against the predicted 95.4 s at
A =0.2/s and T}, = 155 (Fig. 4), and the empirical minimiser
of J equals the quantile in 6 of 6 cases. Our system therefore
measures stillness by displacement from an anchor, a clock
that jitter cannot reset.

Policy. Confirmed tracks are protected (boxes enlarged by
20 %). A pretrained detector (YOLOvV10s [15], COCO [16],
ONNX on one CPU core) verifies tracks under a token-
bucket budget of half the frame period; verified tracks stay
protected while they live, rejected ones lose protection at once,
and tracks not yet looked at expire after Tj,. In our runs
no confirmed track stood still for more than 3.6s before its
first look, so the horizon never bound: the verifier turns the

B verified loop B no verifier MM no feedback
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'
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Fig. 5. IOM F-measure of every method. *Official changedetection.net results
(accessed 23 October 2026); the online subspace baselines ran on our frames
and grid.

horizon problem of Proposition 4 into a classification problem
governed by Proposition 3(iii).

IV. EXPERIMENTS ON CDNET 2014

Protocol. Our evaluator reproduces the confusion matrices
of the official CDnet MATLAB code exactly (10 of 10 videos
checked). The front end (work grid, false-alarm rate, mask
filter, stabilisation) was selected among 36 configurations on a
development split of 25 videos (baseline, dynamic background,
camera jitter, shadow, thermal; mean F-measure 0.526 to
0.614) and frozen. Under a protocol fixed before the runs, a
policy must not be worse than VO (feedback without verifier)
on the development split (one-sided paired Wilcoxon test),
and the intermittent-object-motion (IOM) result is leave-one-
video-out. The 22 videos of the five categories added in 2014
were held out and evaluated once. Four online baselines ran
streamed on the same frames, reduced to at most 20000
cells: GRASTA, NORST and OR-PCA from the authors’ code,
and incremental PCP as our re-implementation of [5], which
reproduces its published F-measure on highway (0.763 vs.
0.7455). The sparsity weights of the last two were selected
on the development split.

Results. On IOM (Fig. 5) the verified loop raises the mean
F-measure from 0.445 (VO) and 0.417 (no feedback) to 0.614,
closing 52% of the gap to oracle masks (0.771), and it
exceeds the online subspace methods (NORST 0.458, OR-
PCA 0.439, incremental PCP 0.331, GRASTA 0.241; official
pROST 0.413) and mixture models (official 0.521-0.532),
while SUBSENSE (0.657) and PAWCS (0.776) remain ahead.
On the development split it also improves on VO (0.614 to
0.651, two-sided paired Wilcoxon p = 0.030). Recall on pixels
that have been foreground for 10-30s rises from 0.04 without
feedback to 0.66 (Fig. 7), while the false-positive rate on pixels
vacated 10-30s earlier rises from 0.007 to 0.013.

Failures. Two videos fail (Fig. 6). In abandonedBox, whose
stopped box has no COCO class, only 19 % of the pixels of
objects stopped for 3 s or more lie in protection boxes (at least
56 % in the other videos). In tramstop, feedback multiplies
false positives by 10 relative to no feedback, and 88 % of
them lie inside protection boxes, where the model does not
learn.
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Fig. 6. Error maps at the frame with the most ground-truth pixels stopped
for at least 3s, chosen without looking at any output (frames 1344, 2153,
2787). In sofa and streetLight the verified loop keeps the stopped objects that
the other settings absorb; in abandonedBox the box, outside the detector’s
vocabulary, is absorbed by all three.
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Fig. 7. Recall of ground-truth foreground pixels by the time since they became
foreground (CDnet IOM, pooled over the 6 videos).

Held-out categories and cost. On the 22 videos added in
2014, evaluated once, the verified loop reaches 0.552 (VO:
0.526; no feedback: 0.546), on a par with no feedback, and
0.603 over all 11 categories (Table I). On one idle desktop
core at 320 x 240 it takes 27.4 ms per frame on average (8.3 ms
without the verifier; 95th percentile 231.9 ms, the synchronous
verifier’s stall); the online baselines take 0.3 (incremental PCP)
to 79 ms (NORST) at 160 x 120.

V. CONCLUSION

Absorption in forgetting subspace background models is a
per-pixel recursive least-squares process plus a rank-crossing
event, and it can be predicted from the background alone.
Tracker feedback removes it but must be designed as a closed
loop: expiry clocks that errors can reset lock errors in, and a
budgeted verifier both protects long stops and releases errors.
Limitations: part (b) of Proposition 1 is a calibrated approxi-
mation; the verifier is a pretrained network, and comparisons
should account for that; the real-data front end trails the best
per-pixel methods; timings were measured on a desktop core,
not an embedded board, and the synchronous verifier stalls
the frames on which it runs. A random-matrix treatment of
part (b) and an asynchronous verifier are the next steps.
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